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Abstract

We discuss the Gaussian and the mixture of Gaussians in the limit of open quantum
random walks. The central limit theorems for the open quantum random walks under
certain conditions were proven by Attal et al (Ann Henri Poincaré 16(1):15-43,2015)
on the integer lattices and by Ko et al (Quantum Inf Process 17(7):167, 2018) on
the crystal lattices. The purpose of this paper is to investigate the general situation.
We see that the Gaussian and the mixture of Gaussians in the limit depend on the
structure of the invariant states of the intrinsic quantum Markov semigroup whose
generator is given by the Kraus operators which generate the open quantum random
walks. Some concrete models are considered for the open quantum random walks
on the crystal lattices. Due to the intrinsic structure of the crystal lattices, we can
conveniently construct the dynamics as we like. Here, we consider the crystal lattices
of Z? with intrinsic two points, hexagonal, triangular, and Kagome lattices. We also
discuss Fourier analysis on the crystal lattices which gives another method to get the
limit theorems.
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1 Introduction

In this paper, we investigate the limit distributions of the open quantum random walks
(OQRWs hereafter) [1-3,8]. The limit distributions of OQRW s have been investigated
in several papers. See, for instance, references [1,2,7,9]. The central limit theorem
(CLT in short) was firstly shown in [1] for OQRWSs on the integer lattices, and then,
it was shown for models on the crystal lattices in [8]. In both cases, in order that the
CLT holds, a certain condition must be provided. Recall that the OQRW:s consist of
repeated two dynamics: an intrinsic change of states followed by space movements.
Considering solely the intrinsic dynamics, it defines a quantum Markov semigroup
(QMS shortly). The condition for the CLT is that the QMS should be irreducible and
thereby there exists only one invariant state for the QMS. We refer to Sect. 3 for the
details. One naturally then asks what would be the limit distribution of the OQRWs
if the irreducibility fails to hold. It is the main motivation of this paper to answer this
question.

After demonstrating some known results on the structure of invariant states for
QMSs [4-6,11,12], we show that in general we get a mixture of Gaussians for the
limit distributions of OQRWs. For the models, we consider the OQRW:s on the crystal
lattices. One notices that the crystal lattices extend the integer lattices (see Sect. 2.1).
Since they have rich intrinsic structure, it is very convenient to set up many interest-
ing models on them. The crystal lattices considered here are the Z? with intrinsic two
points, hexagonal, triangular, and Kagome lattices. In [8], we mainly dealt with hexag-
onal lattices to construct OQRWs showing CLT. In this paper, we further consider the
triangular and Kagome lattices satisfying the central limit theorems (see “Appendix
A”). As for the mixture of Gaussians, we consider some models on Z? with intrinsic
two points and a model on the hexagonal lattice (Sect. 4.3). We would like to stress that
the models considered here serve as good examples for understanding the structure of
the invariant states for the QMSs.

The paper is organized as follows: In Sect. 2, we briefly recall the basic preliminaries
that was introduced in [8]. Namely, we review the definition of the crystal lattices and
the construction of OQRWs on the crystal lattices. In Sect. 3, we recall the central
limit theorem for the OQRWSs on the crystal lattices. The models of CLT will be
demonstrated in “Appendix.” In Sect. 4, we deal with the situation where a mixture
of Gaussians appears. In Sect. 4.1, we review some known results on the structure of
invariant states for QMSs. We apply the theory to the OQRWs and investigate the limit
distributions of OQRWs in Sect. 4.2 and give some examples in Sect. 4.3. In Sect. 5,
we summarize what we have discussed in the main body of the paper. In “Appendix A,”
we provide with some models that reveal CLT on the triangular and Kagome lattices.
The method of Fourier analysis, which gives an analytic proof of the limit distribution,
is given in “Appendix B” proving the same result obtained in the body.

2 Preliminaries

In this section, for the readers’ convenience, we briefly review the OQRWs on the
crystal lattices established in [8].
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Fig. 1 Hexagonal lattice: underlying graph G for hexagonal lattice (left) and hexagonal lattice (right)

2.1 Crystal lattices

In this subsection, we briefly introduce the crystal lattices summarized in [7]. Let
Go = (Vo, Ep) be a finite graph possibly having multi-edges and self-loops. We use
the notation A(Gy) for the set of symmetric arcs induced by Eq. The homology group
of G¢ with integer coefficients is denoted by H;(Gy, Z). The abstract periodic lat-
tice L induced by a subgroup H C H(Go, Z) is denoted by H{(Go, Z)/H [10].
Let {Cy, Ca, ..., Cp, } be the fundamental cycles of G which constitutes the basis of
H1(Go, Z), where by is the first Betti number of G(. The spanning tree induced by
{C1,Ca, ..., Cp} is denoted by Tp. We notice that there is a one-to-one correspon-
dence between {C1, Ca, ..., Cp, } and A(Ty)“; we describe C(e) € {C1, Ca, ..., Cp,}
as the fundamental cycle corresponding to e € A(T)€ so that C(e) is the cycle gen-
erated by adding e to T¢. Let d be the number of generators of the quotient group
Hi(Go, Z)/H. By taking a set of generating vectors {B(e) : e € A(Tp)°} (we suppose
5(5) = —§(e), where e means the reversed arc of ¢), we may consider L as a subset
of R¥ isomorphic to Z¢ . In other words, we may think

L= {Znﬁ(e) “e € ATy, n, € Z} .

The covering graph G = (V, A) of G, which is called a crystal lattice, is defined
as follows. First, we define a map ¢ : Vo — R?. The covering graph G = (V, A) is
defined as follows:

V =L+ ¢o(Vo) =L x ¢o(Vo);
A = Uger {((x, 0(e)), (x, t(e))) | e € A(To)}
U (User {((x, 0@)), (x +8(e), t(e))) | e € A(To)}) .

Here, o(e) and t(e) mean the origin and terminus of e, respectively.

@ Springer



244 Page4of 31 C.K.Ko, H.J. Yoo

L2

€

Fig. 2 7% asa crystal lattice

We take 9(9) =0 for e € A(Ty) and choose ¢;,, ..., e;, from A(Ty)¢ so that
0y = 9(6,1) Gd = O(e,d) span R?. We further suppose that for all e € A(Go),
@\(e) € {ZL_I n; 0 ni€z,i=1, , d}, and for any two arcs ¢; and ¢ in A(To)*,

(e,) and 6 (e;) are linearly 1ndependent unless e; = e;. We define a d x d matrix by

>

O :=(B1,....01 M. Q.1
Notice that if {e; : i =1, --- , d} is the canonical basis for RY, then we have
d
=) 056, 22)
j=1

Before ending this subsection, we remark that the integer lattices are the special
crystal lattices as can be seen in Fig. 2.

2.2 OQRWs on the crystal lattices

The Hilbert space for the OQRWs on the crystal lattices has the form h ® K, where
K := I2(IL) with a canonical orthonormal basis {|x) : x € L}, and b := Buev,hu with
bu, u € Vp, being a copy of a finite-dimensional Hilbert space f.

Whenever there is no danger of confusion, we also understand b, as a subspace of
h. For each e € A(Gy), e = (u, v), we let B(e) be a bounded linear operator on h
such that Dom(B(e)) = b, and Ran(B(e)) C by, and it satisfies

@ Springer



Mixture of Gaussians in the open quantum random walks Page50f31 244

> B*(e)B(e) =1y, forallu e Vj. (2.3)
e€A(Go);
o(e)=u
We easily check that
Z B*(e)B(e) = Z Z B*(e)B(e) = Z Iy, = Iy. (2.4)
ecA(Go) ueVpecA(Gy); ueVy
o(e)=u

The operators {B(e) : e € A(Gyp)} will constitute the Kraus representation of our
OQRWs on the crystal lattices. For that we define for each x € L and ¢ € A(Gy), a
bounded linear operator L on h @ K by

LS == B(e) ® |x +8(e))(x]. (2.5)

We can check (see [8, Lemma 2.1])

DY (LY)TLE = Iyek. (2.6)

xel eeA(Gy)

The OQRW is a completely positive linear operator on the ideal Z; (h ® K) of trace
class operators on hh ® K defined by

Mpy=3) Y LipLH*" @7

xel eecA(Gyp)

Let us consider a special class of states (density operators) on ) ® /C of the form

p= Z (GBuevo,O(x,u)) ® [x)(x]. (2.8)

xelL

Here, for each pair (x, u) € L. x Vo, px,u) 1s a positive definite operator on b, and
satisfies

D0 Tr(ppaw) = 1.

xelLueVy

The value ), evp T1(P(x,u)) 1 understood as a probability of finding the particle
at site x € L when the state is p. We check that if the state has the form in (2.8),
P = reL (Puevppixu)) ® |x){x], M(p) has the form

M(p) = Y (Bucvopley) ® ) (], 2.9)

xelL
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where

Py = D BOPx_ie).000)BO".
¢€AGo):
te)=u

From now on, we assume that M is defined on the set of states of the form in (2.8).

As was introduced in [1,2], let (p,, X;)n>0 denote the Markov chain of quantum
trajectory procedure. This is obtained by repeatedly applying the completely positive
map M and a measurement of the position on K. More precisely, denoting £(h)) the
space of states on b, (on, Xn)n>0 is @ Markov chain on the state space £(h) x L for
which the transition rule is defined as follows: From a point (p, x) € £(h) x L, it
jumps to the point

(LB(e)pB(a*, x +§(e)) € &) x L,
p(e)

with probability

p(e) = Tr(B(e)pB(e)").

3 Central limit theorem

In this section, we review the central limit theorem for the OQRWs on the crystal
lattices, which was developed in [8]. The same study for the OQRWSs on the integer
lattices Z@ was done in [1]. Let us consider the Markov generator

L.(p):= Y B(e)pB(e) —p, peTi(h). (3.1
ecA(Go)

Here, 71 (h) is the space of trace class operators on .
We assume the following hypothesis.
(H1) The equation L, (p) = 0 has a unique solution p,, among the state space £(h).

The CLT for the OQRWs on the crystal lattices developed in [8] reads as follows. Let
us define

mi= Y Tr(B(e)psoB(e)*)Ble). 3.2)

ecA(Gy)

Lemma3.1 Foranyl € R4, the equation (L := (L4)*)

—LL)= Y B@*B(e)(Be)-1)—(m-DI (3.3)

ecA(Go)

for L € B(h), the space of bounded linear operators on ), admits a solution. The
difference between any two solutions of (3.3) is a multiple of the identity.
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Theorem 3.2 ([8, Theorem 3.5]) Consider an OQRW on a crystal lattice (embedded
in R4 ). Assume that the hypothesis (H1) is satisfied. Let (pn, X,)n>0 be the quantum
trajectory process associated with this OQRW. Then,

X, —nm

Jn

converges in law to the Gaussian distribution N (0, X) in R4, with covariance matrix

Y= (Cij)f'l,jzl given by

Cij=—mimj+ Y Tr(B(e)posB(e))B(e))i(Ble));
ecA(Go)

+2 Y Tr(B(e)pooB(e)*Le))(@(e))j — 2miTr(pooLe).  (34)
e€A(Go)

Here, for | € RY, L; denotes the solution of the equation (3.3).

In [8], we gave some examples satisfying the CLT for the OQRWs on the hexagonal
lattices. In “Appendix A,” we give more examples of CLT for OQRWs on the triangular
and Kagome lattices.

4 Mixture of Gaussians

In this section, we study the situation where the mixture of Gaussians occurs. Notice
that the operator L, in (3.1) is a generator for a (dual) quantum Markov semigroup.
The hypothesis for the CLT in (H1) then says that the quantum Markov semigroup
has a unique invariant state. Therefore, it is natural to ask what would be happening
when there are multiple of invariant states for the quantum Markov semigroup. It is the
main goal of this paper to investigate this situation. In the first subsection, we review
the basic facts on the structure of invariant states for quantum Markov semigroup. In
Sect. 4.2, we apply it to our model of OQRWs on the crystal lattices.

4.1 Structure of invariant states of quantum Markov semigroups on the
finite-dimensional spaces

In this subsection, we recall some general theory of the structure of invariant states
for the quantum Markov semigroups (QMSs) [4,6,11,12]. For the application to our
model, it is enough to consider only the QMSs on the finite-dimensional spaces.

Let b be a finite-dimensional Hilbert space. Let A := B(l), the space of all bounded
linear operators on b, and consider the GKSL generator: for H = H™, and {L}, the
elements of A,

. 1 " % %
Le) =i[H.x] =5 D (LiLjx —2L%xLj+xL5L)), x € A. .1
j
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The dual generator is given by

1
Lalp) = =ilH, pl = 5 3 (L5Ljp =2LipL} + pLIL)), p e Ti(h).  (42)

J

The state p is invariant for the QMS 7 = (7;);>0 with generator £ if and only if
Ly(p) = 0.

Definition 4.1 ([11,12]) The projection pr := sup{p;}, where the p;’s are the support
projections of all invariant states of 7, is called the fast recurrent projection associated
witha QMS 7 .

A positive operator a is called subharmonic (resp. superharmonic, resp. harmonic) if
Ti(a) > a (resp. T;(a) < a,resp. T;(a) = a) for all t > 0. It is known that the support
projection of an invariant state for a QMS is subharmonic [4,11,12]. Moreover, the
projection p = sup;; p;, where {p; };c7 is a family of subharmonic projections for 7,
is also subharmonic for 7, and hence, the fast recurrent projection pg is subharmonic
for 7.

If p is a subharmonic projection, one can define a reduced QMS associated with
p, denoted by (7,”),>0, on pAp [11,12] by

7" (@) := pT,(a)p, a € pAp, t >0. 4.3)

It was shown in [12] that when § is of finite dimensional in particular, we have a
decomposition

PR ® pr = Iy,

where pr is the transient projection associated with the QMS 7 (see [12] for the
details). Moreover, we have for any ¢ € A,,

lim ¢(Zi(pr) = 0.
— 00

(See [12, Corollary 2], [4, Proposition 6].)

Next, we discuss the invariant states for the QMSs. Recall thataQMS 7 = (7;);>0 is
called irreducible if there is no non-trivial subharmonic projection [5]. Let us consider
the following hypothesis [11]:

(H2) There is an orthonormal set { p; }{'{:1 of projections such that:

(@) pr= Zf:l Di’

(b) T, (pi) = pi foralli € {1,---  k}

(c) The restriction of 7Pk to the subalgebra p;Ap; is irreducible for all i €
{1,--- Kk}

When § is of finite dimensional, in particular, it was shown in [11,12] pg # 0and (H2)
can be satisfied. From now on, we suppose that (H2) holds. In this case, the restriction
of TPk to p; Ap; is a reduced semigroup 7 i for all i. For any state w on A and a
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projection p, pwp is a linear functional on A defined by pwp(x) = w(pxp) [11].
Suppose that w is a normal invariant state for the QMS and assume that w(p;) # O.
As was observed in [11], the state p; oo = w(pi)) ' piwp; is a unique faithful and
normal 7 7i-invariant state on the subalgebra p; Ap; (see Sect. 3.6.2 of [11]). By
Theorem 3.7 of [11], 77 is mean ergodic, meaning that {r~! fot TP (@)ds)=o is
weakly* convergent for every a € p; Ap;. Suppose that  is any state such that s(u),
the support of u, satisfies s(u) < p; for some i. By [11, Theorem 3.13], we have

I
w- lim — | T (wds = pi -
0

t—o0 t
We notice that any invariant state  is a convex combination of p; ~’s:

k

k
w = Z)\.ipi’oo, Z)\i =1.
i=1

i=1
4.2 Mixture of Gaussians in OQRWs

We now consider the QMS in relevance with the OQRWs on the crystal lattices intro-
duced in Sect. 2.2. The finite-dimensional Hilbert space is then ) = @,ecv,b,. Let
T = (7)o be the QMS on A = B(h) with the (bounded) GKSL generator in (4.1)
for H =0and {L;} = {B(e)}eca(G,)- Since >, B(e)*B(e) = I, we have

L(x) = Z B(e)*xB(e) —x, x € A, (4.4)
ecA(Go)

and the dual generator becomes

Lip)= ) B@pB@" —p, peA. (4.5)
ecA(Gp)

As was noticed in the previous subsection, we have Iy = pgr @ pr, where pg and pr
are the fast recurrent and transient subspaces for 7, respectively. Let M be the OQRW
in (2.7) on a crystal lattice G = (V, A), which is a covering graph of Go = (Vy, Ep).
We assume that the hypothesis (H2) holds for the QMS on A = B(f) with GKSL
generator in (4.4).

Lemma 4.2 Under the hypothesis (H2), it holds that
B(e)pi = piB(e)pi, B(e)'pi = piB(e)*pi, ec AVp), i=1,--- k.

Proof It follows from [5, Theorem 5.7]. O

Let us define B;(e) := piB(e)pi,i = 1,--- ,k, e € A(Gp). The reduced semi-
group 7 Pi is nothing but the QMS on A; = p; Ap; with the GKSL generator given
by
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L) = " Bi(e)xBi(e)—x, x€A. (4.6)
e€A(Go)
Now, we know that the QMS 77! is irreducible and has a unique invariant faithful
state p; o, 1.€., the equation Ei’)(,oi,oo) = 0 holds, where

LOp):= Y Bi()pBi(e) —p, p € piApi. 4.7)
ecA(Go)

Foreachi = 1,--- ,k, let MY be the OQRW defined on the crystal lattice G =
(V, A), which is defined by (2.7) with L¢’s being replaced by

L{ =B ®x+0() (x|, e€AGy), xeL, i=1,--,k (48

Now foreachi =1, - - -, k, the generator L'f,f) satisfies the hypothesis (H1). Therefore,
by Theorem 3.2, the OQRW M) with an initial condition p© = py®10)(0| satisfying
s(po) < p; satisfies the CLT. Let us state it more in detail. For eachi = 1,--- , k,
define

m® = 3" Tr(Bi(e)pi,coBi(e)*) B(e). 4.9)
e€A(Go)

Also, foreach/ € RY, let Ll(i) be a solution (which is unique up to a sum of a constant
multiple of p;) to the equation

— L) = Z Bi(e)*Bi(e) (B(e) - 1) = m™ - Dpi, Le A (4.10)
€A (Go)

Let 20 = (C;?)?, ;—; be a covariance matrix whose elements are given by

C =—mPm® + 3" Te(Bi(e)pi.ooBi(e))B(e)) ;@)
ecA(Gy)
+2 " Te(Bi(e)picoBi(@) L)@ (e — 2m P Tr(p; o LY. (4.11)
ecA(Gy)

Now, the CLT for M® reads as follows.

Proposition 4.3 Suppose that the hypothesis (H2) holds. Let M be an OQRW with an
initial state p© = po ® |0)(0| such that s(po) < p; for somei € {1,2,--- , k}. Then,
the position random variables (X)n>0 satisfy a CLT: Asn — oo, (X,, — nm(i))/ﬁ
converges in law to a Gaussian distribution N (0, DY ywhere the mean m® and
covariance matrix O are given in (4.9) and (4.11), respectively.

Proqf Since th¢ subspace p; is invariant for the QMS 7 @ the OQRW M becomes
M®_ For M® | the hypothesis (H1) holds and the statement follows from Theo-
rem 3.2. o
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The following is a main theorem of this paper.

Theorem 4.4 Let us suppose that the hypothesis (H2) holds. Let p© := py ® 0)(0]
be an initial state for the OQRW such that

k
pO= Pois
i=1

where s(poi) < pi,i = 1,--- k. Let A; := Tr(po,;). Then, with probability X;,
the position random variables (X,),eN satisfy that as n — oo, (X, — nm(i))/ﬁ
converges in law to a Gaussian distribution N (0, E(i)), where the mean m® and
covariance matrix £ are given in (4.9) and (4.11), respectively.

Proof We can say that with probability A; the OQRW starts from an initial state

Tr’()% 5 ® 10)(0]. The conclusion follows from Proposition 4.3. ]

Remark 4.5 A similar investigation was done in [1, Theorem 7.3]. There, it was shown
that if the intrinsic Hilbert space (the space § in the present notation) is a direct sum of
some subspaces and moreover if the Kraus operators are invariant on each subspaces,
i.e., they are of block diagonal form, then a mixture of Gaussians would appear in the
limit (see [1, Section 7] for the details). However, no example was provided there.

4.3 Examples

4.3.1 72 with sites of intrinsic two points

Consider the two-dimensional integer lattice 72 but whose sites consist of two intrinsic
points. See Fig. 3. We let Vy = {u, v} and let {e;};=1 2,3 be the three edges as shown
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in Fig. 3. Let
G(e1) =[1,01, B(e) =10, 11, B(e3) =0,

and é\(Ei) = —é\(e,-),i = 1, 2, 3. In order to define the operators B(e), e € A(Gy), let
bu = by = C,and b = b, ®h, =~ CO.LetU = [u; up uz]and V = [v; v3 v3] be3x
3 unitary matrices with column vectors w; = [u1;, u2;, u3;]’ andv; = [vy;, v, v3;17,
i =1,2,3. Fori = 1,2,3, let U; be a3 x 3 matrix whose ith column is u; and
remaining columns are zeros. Similarly, let V; be the 3 x 3 matrix, whose ith column
is the vector v; and other columns are zeros. Let us define 6 x 6 matrices B(e),
e € A(Gy), whose block matrices are given as follows:

pen =[5 0] s =[F 0] Ben=[ o)
Ben =gy | Be =g ] e = {3

We easily check condition (2.4) holds. Then, the OQRW is defined by formula (2.7).
One model. Let us take U = V = Uy, where

A _ 1y
Uy = f i/EO (4.12)
: 5 5 .
0 0 1

It is not hard to check that the hypothesis (H2) is satisfied with pr = Ip3ges =
P1+ p2 + p3;

P1=U0L30)B03, pp=03@ (L ®01), p3 =020 11) & (02D 1),

where I; and 0y mean the d-dimensional identity and zero matrices, respectively. The
invariant states (density matrices) satisfying £, = 0 are

1 1 1

Pl,oo = §P1, P2,00 = §p2, P3,00 = §P3.

We can easily compute the means m@ and covariance matrices @, i = 1,2, 3, by
formulas (4.9) and (4.11), respectively, to get

10 00 00
2 0 1 2 _ 3 —
m =m“ =m- =0, and X _[00],2 _[01],2 _|:00i|.

Fori = 1, 2, 3, let ") be the two-dimensional Gaussian distributed as N (0, £©).
By Theorem 4.4, for an initial state p© = py ® |0)(0] such that pg = 21'3:1 p0,i With
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s(po.i) < pi,i = 1,2,3, the OQRW on the crystal lattice 72 with sites of intrinsic
two points satisfies as n — 0o

Xy @ >
= =Y an?,
n

i=l1

where A; = Tr(po,;),i = 1,2, 3.
Another model This time let us take U = Uy in (4.12) and V = Ug, where
1 -1 2 2
Usi==|2 -1 2 |. (4.13)
2 2 -1
We can check that the hypothesis (H2) is satisfied with pg = Ic3gc3 = p1 + p2;

p1=U@001) D03, pp=020 1) D I5.

The invariant states (density matrices) satisfying £, = 0 are

1 1
= —pj and = —p2.
P1,00 2171 £2,00 4172

We can compute the means m®) and covariance matrices £, i = 1, 2, by formulas
(4.9) and (4.11), respectively. First, we easily see that mV) = m® = 0. By directly
solving equation (4.10), we get

Ley = 10]’ Le, —[oo ’

[0000 [0 0 0 o0
L@ _[0000] o |0-1/4 0 —1/2
e = 10000 e T |0 0 1/4 172 |

(0000 [0-1/21/2 0

up to a sum of constant multiples of p; for i = 1, 2, respectively. Computing the
covariances from (4.11), we get

10 00
) @ _

Therefore, as in the previous example, for an initial state p(© = py ® |0)(0| such that

po = Z?:l po.i With s(po,;) < pi,i = 1,2, the OQRW in this model satisfies as
n— 0o

X, @ w
2 S
i=1

Jn
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where A; = Tr(pp,;), and w® is the two-dimensional Gaussian distributed as
N0, =®) fori = 1, 2. Here, we may notice that the variance in the p,-subsystem is
smaller than the one in the pi-subsystem because there is an idling in the former one,
meaning that the walker may stay at the present place without jump, and it results in
the slow spread giving a smaller variance.

4.3.2 Hexagonal lattice

Next, we consider another example on the hexagonal lattice. See Fig. 1. The central
limit theorems for this model were widely studied in [8]. Let us recall some notions
introduced there. We let Vp = {u, v} and let {e;};=1 2,3 be the three edges in G with
o(e;) = u and t(e;) = v. (See Fig. 1.) The reversed edges are e;, i = 1, 2, 3. We let

1 ~ 1 ~
—I[1,1], 6 =—[-1,1], @ =0,
ﬁ[ I, 0O(e2) ﬁ[ I, 0(e3)

O(e)) =
and @\(E,’) = —é\(e,-), i = 1,2, 3. Similar to the previous example, let h, = b, = C3,
and h = b, ® b, >~ CO. Let U = [u wy uz] and V = [v; v2 v3] be 3 x 3 unitary
matrices with column vectors w; = [u1;, u2i, usi]? and v; = [vi;, vas, v3ilT, i =
1,2,3.Fori =1,2,3,let U; be a3 x 3 matrix whose ith column is u; and remaining
columns are zeros. Similarly, let V; be the 3 x 3 matrix, whose ith column is the vector
v; and other columns are zeros. Now fori = 1, 2, 3, let l7,~ and ‘71 be 6 x 6 matrices
whose block matrices are given as follows:

~ [oo0] & [ov
i=[oo) w=[ov]

l

We define
B(ej):=U;, and B(e;):=V:, i=1,23.

We check again condition (2.4) holds. Then, the OQRW on the hexagonal lattice is
defined by formula (2.7).

Recall the stochastic matrices Py and Py introduced in (A.2). The following propo-
sition says that whether the limit behavior of OQRW s on the hexagonal lattice satisfies
a Gaussian or a mixture of Gaussians, it is characterized by the form of the products
PU PV and PV PU.

Proposition 4.6 If the stochastic matrices Py Py and Py Py are irreducible, then the
equation L,(p) = 0 has a unique solution on the states; thereby, the central limit
theorem holds. On the other hand, if Py Py and Py Py are reducible with a common
decomposition into communicating classes, then the hypothesis (H2) is satisfied and
Theorem 4.4 applies resulting in the mixture of Gaussians.

The proof of uniqueness and nonuniqueness for the equation £, = 0 according
to the conditions mentioned in the proposition was shown in [8, Proposition 4.1]. By
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the proof there, if Py Py and Py Py are reducible with a common decomposition
{1,2,3} = {{1, 2}, {3}} into communicating classes (we take {1, 2, 3} as the state
space for the classical Markov chain), for example, then we have

PR =1y = p1 + p2,
with
p1=U0)® U2 01)and pp = (02 1) ® (02 @ 1),

where I; and 0; mean again the identity and zero operator on C¢, respectively. More-
over, the invariant states for each subspaces are

1 1
Ploo = 7P and 02,00 = S P2
Let us take some concrete examples. First, for CLT, let us take U = V = Ug in
(4.13). In this case since

332424
PyPy = PyPy = — | 243324,
24 24 33

Proposition 4.6 says that the central limit theorem holds. The concrete computation
of the mean and covariance for this model was done in [8, Subsection 4.2]. Next, we
take U = V = Up given in (4.12). In this case, we have

110
Pu=pPy=2|110], 4.14)
002

and hence, a mixture of Gaussians appears in the limit of the OQRWs. With some
computations, one can show the mean and covariance for each subsystem:

110 00
2 n _ = 2) _
m =m“ =0, and & _2|:00:|,E _|:OO:|’

Fori = 1, 2, let «¥) be the Gaussians distributed as N (0, £@) (1@ = &y, in fact).
Then by Theorem 4.4, for an initial state p(© = pg ® |0)(0] such that pg = Ziz=1 00,i
with s(p0,;) < pi,i = 1, 2, the OQRW in this model satisfies as n — oo

X, @
A D5 41—y,
n

where & = Tr(pp,1). In “Appendix B,” we check this result by an analytic method
using Fourier transforms.
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5 Discussion

We have investigated when a mixture of Gaussians appears in the limit distribution of
the OQRWs. It depends whether the intrinsic QMS, whose GKSL generator comes
from the Kraus operators of the OQRW, has multiple invariant states or not. We
concretely considered some models on the crystal lattices. We have provided not only
examples of CLT but also examples of a mixture of Gaussians. The crystal lattices we
considered are Z?> with intrinsic points, the hexagonal, triangular, and Kagome lattices.

In order to investigate the general limit theorems, we reviewed the structure of the
invariant states for QMS. For finite dimension QMSs, we can have models in which the
invariant subspaces are orthogonal to each other. For the applications to the OQRWs,
we particularly consider the GKSL generators coming from the Kraus operators for
OQRWs. Some concrete models are constructed on Z? with intrinsic two points as
well as on the hexagonal lattices.

In “Appendix A,” we consider some further models for CLT for OQRWs on the
triangular and Kagome lattices. It serves as supplementary models to the one discussed
in [8], where the CLT for OQRWs on the hexagonal lattices was presented. For the
model on the triangular lattice, we may say that the walk is not of the nearest neighbor
jumps in the two-dimensional lattice. The nearest jumps are to move by 40, or +6>,
where é\l = %[1, 117 and \/Li[_l’ 117, But, it is possible for the walker to jump

to :I:(ﬁl + 52) = :I:ﬁ[O, 117, This effect gives a bigger variance in the y-direction.
See (A.7). For the Kagome lattice, we have constructed a simplest example showing
Gaussian limit. Since the structure of Kagome lattice is rather complex comparing
with triangular or hexagonal lattices, it is much harder to check the uniqueness of the
invariant state for the Markov generator (3.1). (See Lemma A.1.) However, it leaves
us with many rooms to construct different kinds of walks.

In Appendix B, we introduce another method to get limit theorems for OQRWs,
namely the Fourier analysis developed in [8]. We see that the two different methods
give the same results.

Finally, we would like to mention an open problem. The main result Theorem 4.4
and the examples that follow deal with the initial states of block diagonal form, i.e.,
direct sum of restrictions whose supports are smaller than the corresponding sub-
harmonic projections. The most general result would be the knowledge on the limit
distributions for arbitrary initial conditions.

Acknowledgements We are grateful to Professor Franco Fagnola and Professor Veronica Umanita for many
helpful discussions and giving us reference [11]. We thank Mrs. Yoo Jin Cha for helping with figures. The
research by H. J. Yoo was supported by Basic Science Research Program through the National Research
Foundation of Korea (NRF) funded by the Ministry of Education (NRF-2016R1D1A1B03936006).

A Examples: central limit theorem
In this Appendix, we consider some more examples satisfying the CLT. The examples

of OQRWs on the hexagonal lattice were investigated in [8]. Here, we consider the
examples for the triangular and Kagome lattices.
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Fig.4 Triangular lattice

A.1 Triangular lattice

Triangular lattice is a crystal lattice that is depicted in R?. Look at Figure 4.

A.1.1 Preparation

Welet Vo = {u} andlet {e;};—1 2,3 be the three self-loops in Go witho(e;) = t(e;) = u.
(See Figure 4.) The reversed self-loops are denoted by e;, i = 1, 2, 3. It is natural to
define h = b, = CO and find six matrices B(e), e € A(G), of size 6 x 6 that satisfy
(2.4). However, it is too much to investigate all the general cases. Here, we focus on the
simple examples that satisfy the central limit theorems. For that, we let h = C3 @ C3
and consider 3 x 3 block matrices for B(e), e € A(Gy), as follows. We remark that
the following construction is very similar to the example for hexagonal lattice studied
in [8]. First, we let
L @ Lot 4 0, —v2

ﬁ[’ 15 (62)_ﬁ[ 1], 8(e3) =10, 15

and é\(Ei) = —é\(ei), i = 1,2, 3. In order to define the operators B(e), e € A(Gy), let
U= [u1 up ll3] and V = [v1 A0 V3] be 3 x 3 unitary matrices with column vectors
w;, = [uy;, us, u3,-]T and v; = [vy;, v2;, v3,-]T, i=1,2,3.Fori=1,2,3,letU; bea
3 x 3 matrix whose ith column is u; and the remaining columns are zeros. Similarly,
let V; be the 3 x 3 matrix, whose ith column is the vector v; and other columns are
zeros. Fori = 1, 2, 3, let U; and V; be 6 x 6 matrices whose block matrices are given

as follows:
~ 100 ~ |0V
= s0) %=[o0]

O(er) =
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Now, we define
B(e;) :=U;, and B(g;):=Vi, i=12,3.

Then, B(e;), B(e;), i = 1,2, 3 satisfy condition (2.4).

It is easy to check that a state p € £(h) is a solution to the equation L,(p) = 0,
where L, (p) was defined in (3.1), if and only if p = p; @ p2 and it holds that

3 3
pr= VimVi. m=) UpU;. (A1)
i=1

i=1

Let us consider the following (doubly) stochastic matrices:

lui|? |uat|* luzi)? lv1]? var]? |v31]?
Py = | lunal? lual? lunl? |, Py = | |vi2l? |va2l? [v32f? | . (A2)
lu13l? luzsl? luss|? lu13]? [v23 | |v33)?

It was shown in [8, Proposition 4.1] that if the stochastic matrices Py Py and Py Py
are irreducible, then the equation L. (p) = 0 has a unique state solution p = p; @ p2
with p; = pp = %I.

Example: nonzero covariance

Letus take U = V = Ug, where

-12 2
Ug=-|2 —-12]. (A.3)
2 2 -1

It is obvious that Py Py = Py Py is irreducible, where Py and Py are defined in
(A.2). Therefore, the equation L, (p) = 0 has a unique state solution p = 11 e %I .
From equation (3.2), it is easy to see that m = 0. By directly computing from (3.3),
we get, up to a sum of a constant multiple of identity,

300 000
Li=Liuy®Liy, Liu=[030|, Liy=1[030
000 003

and
200 200
Ly=Ly®Lry, L2y=|030|, Ly, =|000
000 003

@ Springer



Mixture of Gaussians in the open quantum random walks Page 190f31 244

Notice that the transformation matrix ® in (2.1) is given by

1 _
0= E I} 11:| . (A4)

By the linearity of equation (3.3), we have (see [8, Remark 3.6])

2
Le =) OjLj, i=1.2. (A.5)
j=1
Therefore, we get
3 100
Ley =0O11L1 +OppLly =Ley,1 ®Ley2, Lejt =—Lepo=—~=|0-10],
and
Ley, =0©21L1 +0©xnLy =Ley 1 @ Ley2
with
100 3 100
Le,i=——|010 010

) L 2= T =
22 000| 0 2v2|004

Now, we are ready to compute the covariance matrix X given in (3.4). Since the mean
m is zero and poo = %I , we are left with

1 ~ ~
Cij = ¢ > Tr(B(e)B(e)*)(B(e))i(Ble))

ecA(Gy)
1 —~
+3 D TrB@B© Le)@(e)),
ecA(Gp)
=)+ (A.6)

For the first term C i(;), the trace part is all 1 and thus we get

1
m_1{30
c [01]
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For the second term Cl.(jz) , computations before taking trace give us

(10 2 -10-2
1 P
sallo-1-2|e] 012 . j=1,
—~ 2-20 220
> (Be)B(e)")B(e)); = = 4
1 4 =2 —1-42
e€A(Go) | )
33 4 1 2|&|—-4-12 ., J=2,
| —2-2-2 2 2 2]

and so we get

1
@_1{30
c [01].

Thus, summing those two terms we get the covariance matrix
10
2=Cm+cmzzkl] (A7)

The characteristic function for the Gaussian random variable X with mean zero and

covariance X in (A.7) is
E(e/ X)) = o3 H35)

We notice that the variance in the horizontal line (x-axis) is smaller than that in
the vertical line (y-axis). This reflects that fact that along the vertical line there are
“roads” (the vectors 0 (e3) and 6 (e3)) through which the walker can travel.

Example: zero covariance

Let us consider one more example for the model of OQRW on the triangular lattice.
This time, let us take U = Ug in (A.3) and V = [I. In this case, the matrices Py Py
and Py Py are also irreducible and hence the equation £, (p) = 0 has a unique state
solution pye = %I . From equation (3.2), it is easy to see that m = 0. As before, the
solutions of (3.3) are, up to a sum of constant multiple of identity,

10 0
Ll = Ll,u @Ll,va Ll,u =000 P Ll.v =0,
00-1

and

00 0
Ly=Ly, ®Lry, Lry=1|010 |, Ly, =0.
00-1
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fiz fra

1

Fig.5 Kagome lattice

Recall ® in (A.4). We then get

100
1
Le1=®11L1+®12L2=Le1,u®Le1,vv Le|,u=7— -10 s Le1,v—07
21000
and
1 100
Lez =®21Ll +®22L2 = Lez,ueaLez,vv Lez,u = 7 010 s Lez,v =0.
2100-2

The covariance matrix can be computed as before, and we get ¥ = 0. Now, the
measure is a Gaussian and the mean and covariance are all zero; this means that it is
a Dirac measure at the origin.

A.2 Kagome lattice

In this subsection, we consider the OQRWs on the Kagome lattice. Look at the Kagome
lattice in Fig. 5.

We let Vo = {1, 2, 3} by naming the vertices with numbers. For 1 <i # j < 3,
we let {e;;, fij} be the 12 directed edges in G with a convention o(e;;) = j and
t(e;;) =i and similarly for f;;’s. We notice that e;; = ¢;; and ?l-j = fji. We let

O(e12) = O(ea1) = O(e13) = B(es1) =0,

B(e23) = O(f13) = —B(enn) = —B(f31) = %[1, 11,
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and

~ ~ ~ ~ 1
0 =0 =—0 =—0 = —[-1,1].
(f12) (f32) (f21) (f23) ﬁ[ ]

In order to define the operators B(e), e € A(Go), let h; = h = b3 = C*, and
h=h ®h®h; =C'> Let H be a2 x 2 unitary matrix given by

U ) D
_ﬁ—ll_' ’

where

Notice that

Let Ur, Ug, Vi, and Vg be 4 x 4 matrices given by

00 00 0L 0R
el R VBt R

Notice that
PO P, 0
ULUL = [01 0}’ U;‘UR:[ozo}’
00 00
v =[00] vive=[00].

Fori,j=1,2,3 (i # j),let U;; and V;; be 12 x 12 matrices whose block matrices
are given as follows:

0 00] [0 00] [0 0 0]
Uy=|1U0U,00|, U= 000]|, Up=100 0f,
| 0 00] | Ur 00 10 UL 0]
[0 Ug 0] 00 U] [00 0
Up=10 00|, Usz=|000 |, Uxs=|00Ug|,
|10 0 0] 100 0 | 100 0 |
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and
[0 007 [0 00] [0 0 0
Vor=(Ve 00|, Var=|000]|, V=100 0],
L 00 0_ _VR 0 0_ _0 \%43 0_
[0 Vg O] (00 Vv, ] [00 0]
Vo=1[0 00|, Viz=]000 |, Vaz=1]00Vp
_0 0 0_ _0 00 ] _0 00 1

Now, we define
B(eij) = Ul'j and B(fl'j) = Vij, i = 1,2,3 (i 75 j)

Then, B(e;j), B(fij), i,j=1,2,3 (i # j) satisfy condition (2.4).

Lemma A.1 The equation L.(p) = O for the states, where L. (p) was defined in (3.1),
has a unique solution pso = 11—21 @ %I ® %I e £(h).

Proof 1t is easy to check that a state p € £(h) solves the equation L, (p) = 0 if and
only if it has the form p = pV @ p@ @ p® and satisfies

pV = UrpPUj + VrpP Vi + ULp® U + Vi p® V],
p? = UrpPUg + Vrp® Vi + Urp VU + Vi p DV,

p® = UgpOUL + Vep O VE + ULp@UF + Vi p@ V. (A8)

From equations (A.8), we see that the matrices ,o(i )i =1, 2,3, are block matrices of

the form
) (@)
P =P O o1 (A9)
(i)
0 p,
here, p(i), j =1,2,are 2 x 2 matrices, say

J

o0 P, 1) (1, 2)
! p@. 1) p(2,2)

Using the form in (A.9), we can rewrite (A.8) in the following form:

p=SpS*, (A.10)
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where p and S are 12 x 12 block matrices defined by

_(1) —

Py (()1)0 0 0 0 000ROL

0 pf ?2)0 0 0 0O0ROLO

0 0p”0 0 0 0LOOOR
- . S= All
P 0 0 ()p;z)o 0 LOOORO (A1D

o0 0l | okt

L0 0 0 0 0 pf]

It is easy to check that S is a unitary matrix. Therefore, by multiplying S* and S
from left and right, respectively, to equation (A.10) we also have

o =S8%pS. (A.12)

From (A.12), we see that p;i) are diagonal matrices:

0
. D1 1) 0
p® |5 D o L i=1,2,3 j=1,2 (A.13)
/ 0 Pj 2,2)

Now equating the first block in (A.10) and (A.12), we get

or

p’ 0
0 »"@22

[Ne) 1 o 1
=502, 2)[1 J a, 1)[ | 1} (A.14)
@) @
_ (1, 1)+ py”(2,2) o 0 N AL5)

Looking at the off-diagonal components, we get
py(2.2) = p57 (1, 1).
Applying this relation to (A.15) and (A.14), we easily get
P (D) =022, 2) = (1 1) = {2, 2) = pP (1, 1) = p¥ 2, 2).
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That is, ,ofl) = ,052) = p§3). Using the cyclic symmetry, we obtain that all six matrices

py), i =1,2,3,j = 1,2, are the same to each other. Taking into account that p is a

state, we conclude p = él ® 1]—21 &) %I € £(h) and the proof is completed. O

Let us compute the mean m and covariance matrix X. From equation (3.2), it is
easy to see that m = 0. By directly computing from (3.3), we see that, up to a sum of
a constant multiple of identity,

100017 [0000]7 [0000]
L0100 10000 0200
"= 10000 0010 0020]°

[0000] [0001] [0000]

and

730007 [10007 [1000
0100 0100 0300
L2=16000|®|0030|®|0020

(0002] [0033] [0000

Notice that

°= ]

Therefore, we get by (A.5)

| -200 0 -10 0 O -1 000
La=5 o000 |® 0020|0000
0 00-2 0 0 0 -2 0 000
and
4000 1000 1000

1 [lo200]| _|o1o0| _|o0500
Le="5110000|®{0040[®|0040

0002 0004 0000

Now, we are ready to compute the covariance matrix X given in (3.4). Since the
mean m is zero and peo = %I D él @® %I, we are left with

1 ~ ~
Cij =15 > Tr(B(e)B(e)*)(B(e))i(Ble));

ecA(Go)
4% zjium@m@%m@@m
ecA(Go)
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. @)
=C;; + G (A.16)
For the first term Cl.(; ), the trace part is all 1 and thus we get

c =1
3

For the second term Cl.(/.z) , the terms, before taking trace, are given by

> (Be)B(e))(®Ble));

ecA(Go)
"0 —2007 [2000] [=20 0 0]
Cll=2000| |0200 0-20 0
2o 0o00[®loor1|® 0 011 || /T
B Lo 0o00] |oot1] o o 1 -1
N 2000 —2000] [0 =20 07
L lloz200 0 —200 20 0 0
i | 10000]|®0 011|®] 0 011 || /72
10000 o 011] Lo o 1 —1]
Then, we get

1]—-1-1
()
7= 6 [—1 3 } ’
Thus, the covariance matrix is

1 _
T=c04c® = [_11 51} . (A.17)

Notice that the covariance matrix (A.17) has eigenvalues %(3 + +/5) with corre-
sponding eigenvectors [2 F +/5, 117
B Analytic proof of mixture of Gaussians for the hexagonal lattice
Let us recall the Fourier analysis on the crystal lattices and consider a dual process

v/v\hich was developed in [8,9]. For a function f : .. — C, its Fourier transform
f 1 ©(T?) — C is defined by

Fl0) =Y e N £, (B.1)

xelL
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and the inverse relation is given by

1 1
|det O] (27)2

fx) = / &Y F(k)ydk, xel..
O(T4)

(See [8, Section 5.1] for the details.) If ,0(0) is the initial condition, then the state at
nth step is given in the Fourier transform space by [7]

n

pWa) = | Y e REO Ly Ry | pOM), keOT). (B2
ecA(Gy)

Here, L 4 and R4 are the left and right multiplication operators by A, respectively:
Ls(B) := AB, R4(B):= BA.

The dual process is the process (¥, (K))keor2) € .Zl\given by

n

Vak):=| > e DLy Rpe | (Iy). (B.3)
ecA(Go)

Then, it holds that

w_ 1 1
¥ 7 | det®] 27)2

/ o) Ty p(O)(k)Yn(k)>dk, xel.
O(T?)

In other words, the Fourier transform of the probability density ( p,(cn))xeL at time
n is given by

P (k) = Tr (pO(K)Y, (k)) , keo(?. (B.4)
Let us focus on the situation where a mixture of Gaussians appears. Thus, suppose that
Py Py and Py Py are reducible with a common decomposition into communicating

classes, say {{1, 2}, {3}} assuming the stochastic matrices Py Py and Py Py are defined
on the state space {1, 2, 3}. Put

D(k) = diag(e_”k’g‘), e‘”kﬁz}, D),

where diag(a, b, ¢c) means the diagonal matrix with entries a, b, and c. We can show
(cf. [8, Example 5.3]) that

An (k) = diag(an,1(K), an2(K), an3(k)), Bn(K) = diag(bn,1(K), by 2(K), by 3(K)),
(B.5)
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where the components satisfy the following recurrence relations:

an,1(Kk) bu—1,1(k) by,1(k) an—1,1(K)

an2(k) | = DEK)Py | bp—12k) |, | bu2(k) | = DK)*Py | an—1,2(k)

an,3(k) bn—1,3(k) bn,S(k) an—1,3(k)
(B.6)

Therefore, we get

w®] 1] [eae]
an2(K) | =ApK) [ 1|, |[bu2(K) | =Byk)|1]. (B.7)
an,3(k) 1 bn,3(k) 1

Here, the matrices Zn (k) and §n (k) are given by

L&ﬁ=rmmﬂm&ﬁmw’ "= (B.8)

(D) Py DK)*Py)" DA Py, 1 =2m +1,

g®={w®Wﬂwwwm n=2m, 5o
(DK)* Py DK)Py)" DK)* Py, n=2m+1.

By the assumption, we see that the operators A,(k) and B, (k) are block diagonal
matrices acting on C> @ C. And since it is irreducible for each block, when we
restrict on each block, the map £, has a unique invariant state (see the proof of [8,
Proposition 4.1]). Therefore, for any A € [0, 1], the following states (density matrices)
are all invariant states satisfying L, (p™) = 0:

B =+ (1= )8, 1= S0 ® 20, & = nbo ® = (B.10)
P = AN 777—27’/0 2770, = 5509 550 .
with
100 000
no:=1{0%0|, §:={000
000 001

For a concrete model, let us consider U = V = Up in (4.12). By (4.14), Py Py and
Py Py are reducible with a common communicating classes. There are infinitely many
solutions to the equation L,(p) = 0, and in fact, for any A € [0, 1], the states ,o()‘) in
(B.10) are all invariant states.

A Gaussian Let us take the initial state

1 1
p© = p® .= (Eno ® Eno) ® 10)(0). (B.11)
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Hence, we have p©@ (k) = %770 &) %r/o. Therefore, putting u := [1, 1, 117 and ug :=

%[1, 1,017 we see that (use also En(k) = Z,,(k))

P00 = Te (501 ¥, () = Relug. &, (ouo).

Putting 0; = —(k, é\j), Jj = 1,2, for simplicity, we have D = diag(em1 , el 1). By
defining Py := DEV2p DFU2 we can write

_ | DY*(PLP_y"D'/?, n=2m+1,
" DVAPLPy" P DTV2 o =2m.

(We have used Pu = u.) Consider firstly n = 2m + 1. Putting u+ := D1y, we
have

p™(K) = Re(u_, (P4 P_)"uy), (n=2m+1)

We notice that D and P, and hence P¥ also, are invariant on the range of Pf-, i.e.,
the two-dimensional subspace generated by the first two components of the vectors in
C3. Therefore, without loss of generality, we may let

1

wi= =117, D= ding(e”, &), P:[

/2

P —| —
DO —19| —

We notice that
Py = |us)(uxl.
By directly computing, we get

(PyPo)uy) = pPluy)
(PyPo)u—) = (up,u_)uy).

Here,

1 . .
pim g us)| = 5 e/ 4 el
Therefore,

—_— 1
p"(K) = Re(u_, (P+P_)"us) = n?"Reu_, uy) = 5 (cos 6 + cos 0,) 2.

Now, let us consider the asymptotics of pf”)(k) for large n. Let X, € L be the
position of the walker at time n. We want to see the behavior of X,,/4/n at large time
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by computing E [e“t’x'l/ﬁ)], which is nothing but p™ (—t//n) by (B.1). Then,
formerly defined 6; = —(k, /0}) becomes now 6; = L(t, /9}), j =1,2,and we get

7

1 1
E(cosel +costh) =140 (—) ,

n

2= L tcos oy =1- 50 4o (L
= = COS — = — — 1,
w=3 1— 62 i "
where 2(t) = (t, 6; — 6)2. Therefore, as n — oo,
E[e X0 ] = Py = e hEO — i

We conclude that X,, /+/n converges weakly to a Gaussian with covariance

1710
5= [o 0] (B.12)

The limit as n goes to infinity with even numbers can be computed similarly, and it
gives the same result as the above. It is easy to guess the above result from the dynamics
of the walk. In fact, the movements in the y-direction are just an oscillation between
the coordinates {—1/ \/5, 0,1/ ﬁ}. Therefore, the variance in the y-direction of the
scaled walk by 1/4/n converges to 0 as (B.12) shows.

Another Gaussian Let us take the initial state

1 1
p© = p® . (550 ® 550) ® 10)(0). (B.13)

Put vg := [0, 0, 1]7 and P, which is the projection onto the third component space so
that vy = Pou. Now, we have p©@ (k) = %50 <) %5& Therefore,

P00 = Tr (5000 ¥, (1)) = Relvo. A, Ryvo).

Here, we have used again the fact that En k) = Zn (k). Clearly, we have

(k) = 1.

This means that the measure is a Dirac measure at the origin. From the dynamics of
the walk, it is obvious why we have Dirac measure. In fact, from the initial condition,
the walk never moves out of the origin.

A mixture of Gaussians Let us consider an initial condition given by a convex com-
bination of the preceding examples:

0 0 0
o = apl” + (1= )p,
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(0) (0)

where o, and p, " are in (B.11) and (B.13), respectively. As we have seen in the pre-

(0) (0)

ceding examples, the states o, and p, * never mix as the dynamics goes on. Therefore,
we see that as n — 00, X,,/+/n converges weakly to the mixture of Gaussians

D (1 =180,

where (1 is a Gaussian with mean 0 and covariance ¥ in (B.12).
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